Algorithms and Foundational Math
Part 1b



The Fourier transform in one dimension



Fourier reconstruction of a Gaussian function
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0.00369

“Converged” at 6 terms
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The Fourier Transform gives us the coefficients




The formulas

Fourier transform Example:
G(l/l) — Jg(x)e_izﬂuxdx g(x) — e—ﬂ'xz
Gu)=e ™

Inverse Fourier transform

g(x) — JG(u)eHZﬂuxdu



Fourier reconstruction of a rectangular function
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Nowhere near convergence at 10 terms
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The Fourier Transform of rect(x) is sinc(u)
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J7Tu

sin(zu)

is also known as: sinc(u)
Tu



Fourier transform pairs

— X — U

—> €

sin(zu)
rect(x) » —————
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o(x) — 1



1D Fourier transform properties

g(x)+ h(x) - G(x) + H(x) Linearity
ag(ax) = G(u/a) Scale

g(x —b) > G(u)e ™0 ghift

g *x h— Gu)H(u) Convolution
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Convolution with a Gaussian kernel
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h(x)
J(x) = Jg(x — $)h(s)ds
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Convolution with a Gaussian kernel

| —Real part
—Imag part
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What about de-convolution?
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a(x) _ f(x)=g*h
ﬂ ! Filter 11 |
: Deconvolve? Al q
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If F(u) = G(u)H(u), shouldn’t we be able to
recover g, or at least a good approximation

g’ ~ g by just dividing by H?

That Is,
G'(u) = Fu) and 2'(x) bl G'(u)
~ Hw) S




Deconvolution—the danger is dividing by small numbers

‘Filtered a(x)
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The Fourier transform in two dimensions



Fourier reconstruction of a 2D Gaussian function

Projection

g(x,y)

G(u,v)
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G(0,0)=1.0000




Fourier reconstruction of a 2D Gaussian function

Projection
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G(0,3)=0.1708




2D Fourier transform

G(u,v) = [J 2(x,y) g ~I2TUXEVY) Jx dy

2D Inverse Fourier transform

2(x,y) = JJG(u, V) e 2 dy dy



2D Fourier transform properties

ab g(ax, by) - G(ul/a,v/b)
o(x —a,y — b) = G(u, v)e 2
§*h— GH
g(x’,y) = Gu',v')

Pyg(x9 )’) — G(u,0)

bv)

Scale

Shift

Convolution

Rotation

Projection



Convolution in 2D

G*x H= Hg(x—s,y— ) h(s,t)dsdt



Convolution with a Gaussian

a(x,y) h(x,y)

lFT Tun
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Visualizing the contrast transfer function

autocorrelation

,B?!'!d*?m gbjec Point-spread

e | e Y s 3 Boiy 8 -8 g o ol U iy W P s
e, P& % e e o g iy et 'y.! i g b
B g il 40 o B a2 = m | - Sowaw e | ol 24 @
=, ?i: .-::! 'n .r:_ ﬁ' . .EL‘ ‘. Ta: E:? --' - . r;?u. j P B P | E‘ 2 !x
4 e g Ry e e Rl S ol | oll B2 B -" = Ca -
=h ) ““ -l k‘ -.-; 45 " &n—*"n " ol g. e - ';'" | ¥ | . 3 ¥ ‘;r s 8 » ; v:n“ | .’n"v a7
& !: - ‘-‘- L] :«:m‘ !: -L : = 4 Tan o1 . 01-'" :;‘?ﬁn - i !-B - '-*-: .?: ‘l. ',“ni' 'é::“.l' ’E"
i H'.;:' ; '-nl':: 'R ] - ¥ 2 | . u ke L el = 5 N ot 2% g !,."
| - e :: " = ..r.iﬁ‘ﬁ AN . '.7."135- e “al --;-'N:J o l" = : § -.1‘- I.‘Ai: "
- o aailis B e il kg Lo e oy K . phom o8 i |
’ . ot l.. :..'l kR .m = L ! nd B g = 3 .Fl: u-n i-“: IT‘.. o i, = "; 'y
E - 'nv \ - “"- n _. ?-A.I .l u.-”n ﬂ ﬁ.. ; a *n! .:’h'-?-‘ . o ) | :G'\q L] l"r-m & .'
B e ] S il gl SR T s e e L
S o : | Loy igin 8 s B |
I et e e T el e S AR T e
W - :.nl P -;; ".l s " i“-‘n o R . i oA /ul g Bl
t = I el ;'-.-’ b -n"'i:,r: 5 Balte i !:L; "y @ l.n“. . B;E - .. =# rh = l‘g"f
LS = [ Last | | A ' N b e
LE !5. ™ 2 - -'V ol e N o » :‘; Fu " F I :- " r‘. i ‘e :i‘ e
) 5{' "nh‘ : B N T p:‘\: fi: g oW m"‘-‘ '_ : "i , » B = o o
'R" = B o l"-.l 5 S _uq Py S N g e _I.*.I"F = 4
» ATL“‘ -". 5‘_‘ [ LN L] @ 5 = LN L) “E -
. SN R 5 @ - ol B " o N TN Cmpm W TR ~
TR eyt ] g - et e Sl e ) - o
e e e B Rk e g s e P #
it " - « o ] h 1) & [

ﬁ»,.l.'z - r F o I.'h .II :-‘ i H r‘. . ‘ _. = 1 i7 B = l LF‘ ' "{
v # g - j . kz S e - ey = T | o >
:- Voo Y - ‘j.; :-::-" = = ntl- % n: r.l_ r} -51 g =1b,.-nv-
B e B =% .lm B e S RS L .,"-..-‘. i e
= ! | n - e .a . I .!' LH”.‘ i Ll O -’r-a‘ .}

=g 5 . .. R | e = o o N I N
Lol . - B Tty s Bl SN RSt 1 ey FRL L )
: 'Zn " | A A" 3 ] . . oy T o !‘
ot it e R RSl L 2R R i e
"a i - L] B olba ~ 4 5": ~. - l"vA' e = ol o wv‘ o g §r g m“‘\a 2
".’r_n ]fi l' .‘ ,- l__"“"I .a ..'- ‘. -3 \; ...."- ,'. ;,:Q?P‘.‘; '- ; _'-:, : 2 qﬂ!“fl n'. ~
T L ol S g R S L
.. L. - . e = |~‘ .~:‘ = ;r‘: ._"' = R . N "_,l -u o B = :“. : 3 r ,’v‘\ = -«:l ;.'ll ;“; E
n- . l..l u‘,i!’_. . .g‘_ 29 3 a.“. H-l5 ﬂ 4 Fn’ '—'irf- ..5317.!
'y = E* ' il | o QHIA T  mll B " RN e NN & e .
':v._ n g-h = , A " l:‘ . |, Wy . . T | O U e '_‘._
- . v | . e« e e
al g R e = wgll : g g e S |
= l’.l‘ o S Rt 6 R -F- e AT w N T e S R & el e
Ba - B i :- .'j LW -«& : -J t':g R = _ o f—:'-r’-'ﬁ + = . = ""“ ay | i
U T i T 2% a0 i g N : r o B e i
w 'ICE‘- - i..’i-l b 'y g | L‘ N '.'.-!1 2 .n- - -r- fem '?" n "5 o ¥ - / .
Yy w oo S et B T e e, (e i g e e R
N . ] \ [t By | w EA‘ s
1‘1 "’:' B k it Bl ™ 0 . % i »
- o o " B L =n "o T S -lr. ¥ | =

of object

B e e R, o & :l, il
L ;:?i L L
3 gt A e S e

=
=




Convolution with a lattice

9(x.y) h(xy)
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lFT lFT TIFT
G(u,v) H(U,V) G (u’v) H(u’v)
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An undersampling lattice

h(x,y)

a(x,y)
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The rotation property

2D Fourier Transform FT using 2D vectors

Glu,v) = Hg(x’ y)e TN dxdy  Gu) = ”g(x)e-izﬂ<u°x>d2x

The dot-product is invariant under rotations!

Let R, signify a rotation, and
(xla y/) — R@ (X, y)
(', V') = Ry (u,v)
then
FT g, y) = G(u',v)

or alternatively,

g(Rx) - G(Ryu)




Pg(x,y) = [g(x, y)dy

The Fourier Slice Theorem

G(u,v) = ﬂ g(x, y)e W) dxdy

G(u,0) = J ( J g(x, y)dy) e~ dx

= F{P,g]




Reconstruction using the Fourier Slice Theorem

Pg(x,y) = [g(x, y)dy

G(u,v) = ﬂ g(x, y)e W) dxdy

T Slices

G(u,0) = J ( J g(x, y)dy) e~ dx

= F{P,g]

The rotation property says:
If we can collect projections from all

directions, we can construct all of G(u, v)



The discrete F T is what Is calculated on a computer

2D Fourier transform

G(u,v) = [J g(x, y) e TP dx dy

2D discrete Fourier transform
N/2—1

Z g(l, ]) e—i2ﬂ(ik+jl)@

i, j=—NJ?2

I
Gk, l) = —
k.0 =~



The DFT of a 32 x 32 pixel image has 32 x 32 complex pixel values

96 Glk,)

15 15§

10 | r

o 4
5 -"'-. . ‘ -.‘I"u - 5 |
’ '
| Ly | DFT |

-5t -5t
-10 | 10|
-15+ L ‘ j : -15+¢




But the DFT of a real image has twofold redundancy

Real part
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Note that the sampling frequency 1/dx

What is the pixel size of the transformed image?
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corresponds to twice the maximum
accessible frequency ndu/2.



