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Lecture 4a

1. Complex numbers (quickly) 

2. Defocus contrast (the simple version) 

3. Defocus contrast (fancy version) 

4. Image delocalization 

5. The objective lens and the CTF



Why complex numbers?

• Equations are simpler 
• Natural for Fourier transforms 
• Magnitude and phase of structure factors



i, the imaginary unit

i = −1

A complex number 
 z = a + ib

w = c + id

Real part

Imaginary part

z = a + ib

w = c + id



Properties of complex numbers

Add 

Multiply 

Real part 

Imaginary part 

Absolute value 

Conjugate

 

 

 

 

 

 

z + w = (a + c) + i(b + d)

zw = (ab − bd) + i(ad + bc)

Re(z) = a

Im(z) = b

|z | = a2 + b2

z* = a − ib

(Exercise: Show that  )zz* = |z |2

z = a + ib
w = c + id



The exponential function ex

e = 2.718...

ex = 1 + x +
x2

2
+

x3

2 × 3
+ . . .

ex ≈ 1 + x, x ≪ 1

A very important approximation



The complex exponential

eiθ = cos θ + i sin θ



A plot of eiθ



A plot of eiθ



Any  can be represented as  or as z (a, b) (r, θ)
                           

                                                                                         

z = a + ib z = reiθ

 is the magnitude 
 is the phase

r
θ

 is the real part 
 is the imaginary part

a
b

a
Real

b
r

θ

Imag

Recall that 
 

so, when you multiply 
two complex numbers,  
the phases add: 

. 

exey = ex+y

eiθ1eiθ2 = ei(θ1+θ2)
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Most cryo-EM data are acquired using defocus contrast

object imageobject image

• Defocus values are always 
“underfocus”. This means 
decreasing the strength of the 
objective lens, effectively 
focusing above the specimen.  

• At high defocus, high-
resolution information in the 
image is strongly delocalized.

100 Å
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Image of an object with 5Å periodicity

imageobject image

100 Å

• Defocus values are always 
“underfocus”. This means 
decreasing the strength of the 
objective lens, effectively 
focusing above the specimen.  

• At high defocus, high-
resolution information in the 
image is strongly delocalized. 

• Image processing can re-
localize the signals, but at 
most only about half of the 
theoretical contrast is 
preserved by defocusing.

• Defocus values are always 
“underfocus”. This means 
decreasing the strength of the 
objective lens, effectively 
focusing above the specimen.  

• At high defocus, high-
resolution information in the 
image is strongly delocalized.



Defocus contrast in a nutshell

1. The contrast in the image of a grating object varies with the amount of defocus. 

2. The grating object produces diffracted waves with shifting phase. 

3. When the diffracted waves interfere with the undiffracted waves, we have contrast. 



Contrast of a grating object varies with the amount of defocus

The grating ϕ(x)

Intensity at z

Interference between the 
unscattered wave and 
the diffracted waves 
produces contrast.
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The grating object produces diffracted waves

Note there’s a tiny shift of wavefronts, 
because the diffracted waves follow 
slightly longer paths.

sin θ =
λ
d



Ψ Ψ′ Ψ′ 1-

When the phase of the diffracted waves is right, we have contrast.

Imaginary

Real

Complex number color scheme

blue / yellow: no interference

red / green: interference



Now for the theory in all its beauty…

1. Electrons have really short wavelengths, and they travel through the column one by one. 

2. The contrast in the image of a grating object varies with the amount of defocus 

3. The grating object produces diffracted waves with shifting phase 

4. When the phase of the diffracted waves is right, we have contrast. 

5. A lens reproduces the wavefronts at the image plane. 

6. Spherical aberration and amplitude contrast introduce new terms in the CTF. 

7. A phase plate changes the wavefronts before they reach the camera.



Electrons pass through the column one at a time

 

  

Ψ0 = ei(kz−ωt)

k = 2π/λ

Energy (keV) Wavelength 
(Å)

Velocity 
(fraction of c)

120 0.033 0.59

200 0.025 0.70

300 0.020 0.78



 

 

Ψ0 = eikz

k = 2π/λ

We’ll ignore time dependence and take a snapshot of an electron wave



The object is a grating, 
.  

In our example, 
 and .

ϵϕ(x) = ϵ cos(2πx/d)

d = 5Å ϵ ≪ 1

…and insert a phase-shifting object that perturbs the electron wave function

At  , 
 

z = 0
Ψ = eiϵϕ(x)



But the weak phase approximation* 
allows us to decompose  into  
undiffracted and diffracted waves: 
at  

      

_________ 
*This comes from the expansion 

 

Ψ

z = 0,

Ψ ≈ 1 + iϵϕ(x)

eiy = 1 + iy −
y2

2
+ . . .

Small  allows the weak-phase approximationϵ

At  , z = 0
Ψ = eiϵϕ(x)
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The beam intensity shows variation only away from the specimen



d
λ

z

x

Ψ0 = eikz

Modeling the components of : first, the undiffracted waveΨ



d
λd

λ

θ

z

x

Ψ0 = eikz

Ψ+ =
iϵ
2

eik(cz+sx)

Classical diffraction yields a diffracted wave…

s = sin θ =
λ
d

c = cos θ ≈ 1 −
λ2

2d2

With  and ,  
 is only 4 milliradians, or 0.23°

λ = .02Å d = 5Å
θ



d
λ

θ

z

x

Ψ0 = eikz

Ψ+ =
iϵ
2

eik(cz+sx)

Ψ− =
iϵ
2

eik(cz−sx)

…and the other diffracted wave

Note there’s a tiny shift of wavefronts, 
because the diffracted waves follow 
slightly longer paths.

s = sin θ =
λ
d

c = cos θ ≈ 1 −
λ2

2d2



d
λ

Ψ0 = eikz

Ψ+ =
iϵ
2

eik(cz+sx)

Ψ− =
iϵ
2

eik(cz−sx)

The sum of these three waves gives a perfect match at  .z = 0

The sum of these match the weak-phase  
wave function we wanted. 

At    we have 

    .

z = 0

Ψ0 + Ψ+ + Ψ− = 1 + iϵϕ(x)

z = 0

…because at  
 

    and since   and , 

     

z = 0
Ψ+ + Ψ− = iϵ(eiksx + e−iksx) = iϵ cos(ksx)

k =
2π
λ

s =
λ
d

Ψ+ + Ψ− = iϵ cos(2πx/d) = iϵϕ(x)



Ψ Ψ′ 

Given the boundary condition, we know  for all Ψ(z) z ≥ 0

(Wavelength is so 
short you can’t see 
the colors!)

The net wavefunction is 

    

For simplicity, we’ll define :     

    

                     

   

Ψ = Ψ0 + Ψ+ + Ψ−

Ψ′ Ψ = Ψ′ eikz

Ψ′ = 1 +
iϵ
2

eik(c−1)zeiksx

+
iϵ
2

eik(c−1)ze−iksx

Ψ′ = 1 + iϵeik(c−1)z cos(ksx)
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Ψ0 = eikz

Ψ+ =
iϵ
2

eik(cz+sx)

Ψ− =
iϵ
2

eik(cz−sx)



Ψ′ 

 
          

 

The phase shift comes from the 
extra    of path length in the 
diffracted waves.

Ψ′ − 1 = eik(c−1)z ⋅ iϵ cos(ksx)

= ieik(c−1)z ⋅ ϵ cos(2πx/d)

ϵϕ(x)

(1 − c)z

Let’s remove the undiffracted wave 
(constant part of ). 

The two diffracted waves interfere to  
show the grating signal. Their overall 
phase changes with .

Ψ′ 

z     
    
    

Our original phase object 
    

k = 2π/λ
s = sin(θ) = λ/d
c = cos(θ)

ϕ(x) = ϵ cos(2πx/d)

Ψ′ − 1

The diffracted-wave phases change relative to the unscattered wave

Imaginary

Real



Contrast varies with the amount of defocus

The grating ϕ(x)

Intensity at z

Interference between the 
unscattered wave and 
the diffracted waves 
produces contrast.
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The contrast transfer comes from interference in the real part of  Ψ

      

can be written as 

     . 

The measured intensity is 

      

          

         . 

So, ignoring the factor of 2, we say the transfer from  
phase shift to intensity change is 

        

                

Ψ′ = 1 + ieik(c−1)z ⋅ ϵ cos(2πx/d)

Ψ′ = 1 + ie−iχ ϵϕ(x)

|Ψ |2 = |Ψ′ |2 = (real part)2 + (imag part)2

= [ 1 + sin(χ) ϵϕ(x) ]2 + [ cos(χ) ϵϕ(x) ]2

= [ 1 + 2 sin(χ) ϵϕ(x) + 𝒪ϵ2 ] + [ 𝒪ϵ2 ]

CTF = sin(χ)
= sin(πλz /d2)

 

 
 

 

ϵϕ(x) = ϵ cos(2πx/d)

k = 2π/λ
c = cos(θ) ≈ 1 − λ2/d2

χ = k(1 − c)z = πλz /d2
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Ψ Ψ′ Ψ′ 1-

What happens when the objective lens is focused above the specimen?

What wavefunction above the specimen 
would give rise to what we see below it? 

We can back-propagate : 
this is what the objective lens “sees”

Ψ



“Underfocus” is focusing the 
objective lens above the 
specimen. 

Standard terminology 
• Defocus values  are positive 
for underfocus, 
           

• Spatial frequency is 
           

So we can write the defocus 
phase contrast as:

δ

δ = − z

f = 1/d

What happens when the objective lens is focused above the specimen?

The grating ϕ(x)

Intensity at z

CTF = sin(−πλδf 2)
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dark (neg)   |   bright (pos)



The contrast-transfer function as a function of f

CTF = sin(−πλδf 2)
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1 
µm
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A little defocus is actually a long distance

1 µm—a small defocus for cryo-EM imaging 
is 500,000 wavelengths! 

This has ramifications regarding 
• beam coherence 
• specimen charging 
• delocalization



The dispersion radius is given by 
        
           (small angle approx.) 

Homework problem:  
• How big a box do I need around my particle to 

include all the information up to 3Å, if I use 
3µm of defocus? 

• How big a box would I need for 1.5µm of 
defocus?

r = δ tan θ
= δλf

With large defocus, how bad is the image delocalization?

δ

r

Focus 

Specimen

θ

Object

3 µm 
defocus



The dispersion radius is given by 
        
           (small angle approx*) 

For example at 3µm defocus and 3Å 
resolution 
    

        

        
then 
        

In this case one would want 200Å of space in 
the box around each particle image. 
________ 
*Note: beyond about 3Å, spherical aberration needs to 
be taken into account too. 

r = δ tan θ
= δλf

δ = 3 × 104Å
λ = .02Å
f = 0.33Å−1

r = 200Å

With large defocus, how bad is the image delocalization?

δ

r

Focus 

Specimen

θ

Object

3 µm 
defocus



More details about the CTF

1. Electrons have really short wavelengths, and they travel through the column one by one. 

2. The contrast in the image of a grating object varies with the amount of defocus 

3. The grating object produces diffracted waves with shifting phase 

4. When the phase of the diffracted waves is right, we have contrast. 

5. A lens reproduces the wavefronts at the image plane. 

6. Spherical aberration and amplitude contrast introduce new terms in the CTF. 

7. A phase plate alters the wavefronts after they’ve passed through the lens.



Underfocus means weakening the field in the objective lens

Specimen

Camera

In focus 
Specimen is imaged 

 onto the camera

Specimen

Camera

Specimen’

Underfocus 
The specimen image 
is below the camera



With spherical aberration a lens bends high-angle rays more strongly

Specimen 
plane

Camera

Specimen’  

Underfocus,  low f
Spherical aberration changes 
the defocus by  

     . δ′ = − Csλ2f2/2

Lens

Specimen’  
(at high f )

Underfocus,  high f

The contrast transfer function has a 
new term, 

       
or, expanded, 

The coefficient  is typically ~2mm. 
This makes spherical aberration 
important only for  , or 

about  resolution.

CTF = sin(−πλδf2 − πλδ′ f2)

Cs

f > 0.25Å−1

4Å

CTF = sin(−πλδs2 +
π
2

Csλ3f 4)



Also, high-angle scattering yields a small amplitude contrast

Electrons that pass very close to an atomic 
nucleus are scattered at very high angles, but 
are stopped by the objective aperture.  

The loss of these electrons results in a small 
amount of negative amplitude contrast. 
Its small magnitude, , is typically 
around -0.07.  

The amplitude contrast term allows the CTF to 
have a small negative value even at zero 
spatial frequency. 

sin(−α)

Specimen

Camera

Objective aperture



The simple defocus contrast is what we’ve seen before

α

 effectCs

Defocus only CTF = sin(−πλδf2 +
π
2

Csλ3f 4 − α)
defocus          sphere abb.     amplitude

Combining all these terms, the contrast 
transfer function is given by 



Now adding in spherical aberration and amplitude contrast

Combining all these terms, the contrast 
transfer function is given by

α

 effectCs

With  and α Cs

Here you can see why everyone uses 
underfocus: the amplitude contrast and 
defocus contrast are additive in this case. 

Also, Cs has the effect of reversing some 
of the oscillations in the CTF.

 CTF = sin(−πλδf2 +
π
2

Csλ3f 4 − α)
defocus          sphere abb.     amplitude



Spherical aberration can be our friend

If we’re not using image processing to remove 
CTF effects, Scherzer defocus is a good solution: 
just enough defocus to give signal over a broad 
range of spatial frequencies.  

It’s popular in materials science but not much for 
cryoEM: the signal transfer at low frequencies is 
poor.



A phase plate modifies the interference of electron waves at the camera

In focus 

Specimen

Camera

Diffraction plane

Phase plate 

CTF = sin(ϕ − πλδf2 +
π
2

Csλ3f 4 − α)

The phase plate shifts the phase of the 
undiffracted beam  by some angle . 
The CTF becomes

Ψ0 ϕ

Homework: See if you can derive this.

Phase Plate
If  then the CTF at  
becomes 1.

ϕ = 90o f = 0



The contrast transfer comes from interference in the real part of  Ψ

      

can be written as 

     . 

The measured intensity is 

      

          

         . 

So, ignoring the factor of 2, we say the transfer from  
phase shift to intensity change is 

        

                

Ψ′ = 1 + ieik(c−1)z ⋅ ϵ cos(2πx/d)

Ψ′ = 1 + ie−iχ ϵϕ(x)

|Ψ |2 = |Ψ′ |2 = (real part)2 + (imag part)2

= [ 1 + sin(χ) ϵϕ(x) ]2 + [ cos(χ) ϵϕ(x) ]2

= [ 1 + 2 sin(χ) ϵϕ(x) + 𝒪ϵ2 ] + [ 𝒪ϵ2 ]

CTF = sin(χ)
= sin(πλz /d2)

 

 
 

 

ϵϕ(x) = ϵ cos(2πx/d)

k = 2π/λ
c = cos(θ) ≈ 1 − λ2/d2

χ = k(1 − c)z = πλz /d2
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Cryo-EM single particle analysis with the
Volta phase plate
Radostin Danev*, Wolfgang Baumeister

Department of Molecular Structural Biology, Max Planck Institute of Biochemistry,
Martinsried, Germany

Abstract We present a method for in-focus data acquisition with a phase plate that enables
near-atomic resolution single particle reconstructions. Accurate focusing is the determining factor
for obtaining high quality data. A double-area focusing strategy was implemented in order to
achieve the required precision. With this approach we obtained a 3.2 Å resolution reconstruction of
the Thermoplasma acidophilum 20S proteasome. The phase plate matches or slightly exceeds the
performance of the conventional defocus approach. Spherical aberration becomes a limiting factor
for achieving resolutions below 3 Å with in-focus phase plate images. The phase plate could enable
single particle analysis of challenging samples in terms of small size, heterogeneity and flexibility
that are difficult to solve by the conventional defocus approach.
DOI: 10.7554/eLife.13046.001

Introduction
Phase plates are one of the technologies holding promise for future performance improvements in
cryo-electron microscopy (cryo-EM). Direct electron detectors already changed the prospects of the
cryo-EM field (Henderson, 2015) with atomic resolution structures becoming almost routine
(Campbell et al., 2015; Bartesaghi et al., 2015). Phase plates improve the image contrast and allow
in-focus data acquisition which, in theory, will result in increase of the signal-to-noise ratio across the
entire frequency spectrum (Glaeser, 2013). This could enable structural investigations of ’difficult’
samples, such as small, heterogeneous and/or flexible molecules or complexes (Hall et al., 2011).
Until now, however, various practical problems and performance issues have prevented the acquisi-
tion of high-resolution datasets with a phase plate (Danev et al., 2009). Here we demonstrate that
with correct use, in particular accurate focusing, one can achieve near-atomic resolutions.

The phase plate is a device that produces phase contrast by introducing a phase shift between
the scattered and unscattered waves at a diffraction plane inside the microscope. Phase contrast
denotes that phase variations of the electron wave caused by the sample will be transformed into
amplitude variations at the camera thus enabling phase observation. Ideally, the phase shift must be
p/2 to realize the so-called Zernike phase contrast (Danev and Nagayama, 2001). In practice, how-
ever, a satisfactory phase contrast performance can be obtained within a range of phase shift values
(p/4 ~ 3p/4) (Danev and Nagayama, 2011). There are other ways to produce phase contrast, the
most common is acquiring images slightly out of focus, also known as defocus phase contrast. This
method is the de facto standard in transmission electron microscopy (TEM) but it has the disadvan-
tage of low overall contrast because of poor performance at low spatial frequencies, i.e. large speci-
men features are not well reproduced in the image.

Phase plates for TEM have been in development for more than 15 years with the thin film Zernike
phase being one of the most promising candidates (Glaeser, 2013). It consists of a thin material
film, typically amorphous carbon, with thickness selected for p/2 phase shift at the operating voltage
of the microscope (~22 nm for 100 kV; ~31 nm for 300 kV) and a small (~1 mm) hole in the center for
the central beam of unscattered electrons (Danev and Nagayama, 2001). Nevertheless, the Zrnike
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The phase plate allows in-focus imaging, but precise focusing is necessary.

The phase shift of the VPP is not constant and increases with the accumulated dose on the phase
plate (see Figure 3 below) (Danev et al., 2014, Figure 1). It has a rapid onset in the beginning fol-

lowed by a gradual increase. For single particle data acquisition this would mean that the first

images taken after the phase plate is inserted will have a phase shift below p/2 and later images

may have a phase shift above that value. Figure 1C illustrates the effect of phase shift on the usable

defocus range and resolution. For lower phase shifts (blue area) the defocus ranges are shifted

towards more defocus and there is a slight improvement in the absolute resolution cutoff point

(~2.6 Å). Higher phase shifts (red area) require less defocus but have a worse resolution cutoff

(~3.0 Å).
Figure 1D shows an ideal case of a p/2 phase plate on a Cs-corrected microscope (zero spherical

aberration). There is no resolution cutoff but the allowed defocus range gets progressively narrower

for higher resolutions. A variable phase shift will move the shaded areas to the left or right, similar

to the behavior in Figure 1C, but in order to avoid clutter the effect is not shown in the figure.
The graphs in Figure 1 demonstrate the strict requirements on the focusing accuracy for in-focus

data acquisition with a phase plate. In order to achieve the required nanometer-level focusing preci-

sion we implemented a double focusing area acquisition scheme. Figure 2A shows an illustration of

Figure 1. Volta phase plate CTF examples and allowed defocus ranges versus resolution. (A) Illustration of CTFs at defocus values that limit the

resolution to 4 Å according to a |CTF|=0.5 criterion. (B) Defocus limits versus resolution according to the |CTF|=0.5 criterion for a p/2 phase plate and

2.7 mm spherical aberration. The shaded areas are ’prohibited’ in a sense that for those defocus values the CTF amplitude drops below 0.5 at a

resolution lower than the value on the y-axis. (C) Same as (B) but for three different phase shift values. (D) Same as (B) but for a Cs-corrected

microscope (0 mm spherical aberration).

DOI: 10.7554/eLife.13046.003
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The graphs in Figure 1 demonstrate the strict requirements on the focusing accuracy for in-focus

data acquisition with a phase plate. In order to achieve the required nanometer-level focusing preci-

sion we implemented a double focusing area acquisition scheme. Figure 2A shows an illustration of

Figure 1. Volta phase plate CTF examples and allowed defocus ranges versus resolution. (A) Illustration of CTFs at defocus values that limit the

resolution to 4 Å according to a |CTF|=0.5 criterion. (B) Defocus limits versus resolution according to the |CTF|=0.5 criterion for a p/2 phase plate and

2.7 mm spherical aberration. The shaded areas are ’prohibited’ in a sense that for those defocus values the CTF amplitude drops below 0.5 at a

resolution lower than the value on the y-axis. (C) Same as (B) but for three different phase shift values. (D) Same as (B) but for a Cs-corrected

microscope (0 mm spherical aberration).
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• The defocus value must be 
precise within 60 nm in 
order to get 4 Å resolution. 

• The better low-frequency 
contrast makes particles 
much more visible.

ze
ro
e
s.

T
h
e
fi
rs
t
C
T
F
ze
ro

is
b
e
yo

n
d
th
e
3
.7

Å
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The power spectrum describes the magnitude of Fourier components

Power spectrum Grating at the spatial frequency


