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Fourier reconstruction of a Gaussian function







“Converged” at 6 terms
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The Fourier Transform gives us the coefficients




The formulas

Fourier transform

G(u) = J g(x)e 2™ dx

Inverse Fourier transform

g(x) — JG(M)€+i2”uxdu

Example: g(x) = e~
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Cumputing G(u) atu =1
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At u =8, G(u) is really small.
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) 2. )
The Fourier transform of e ™™ is e ™™

(o]

J.e—n.\‘z e—iZmI.\' dx

= Je—ir(.r2+i2ux') dX

This integral can be evaluated by completing the square in the exponent,

G(u)= J-e~7r(x2 +i2ux—uz)dx. e—fm2

—00

The final result is that
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This integral = 1 Glu)=e ™




Fourier reconstruction of a rectangular function
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Nowhere near convergence at 10 terms
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The Fourier Transform of rect(x) is sinc(u)

sin(rzu) ,
is also known as: sinc(u)

u




Reciprocal scaling of FT pairs

G(l/t) — e —n(ula)?




The scale property

2

it g(x) = e™™ > G(u) = e™™

—n(ax)? 2

what is the FT of g (x) = ae

The FT is:

G,(u) = Jae_ﬂ(ax)ze_iz””xdx. In general,

ag(ax) — G(u/a)
Let X' = ax and x = x'/a:

Ga(u) — [e—ﬂx’ze—i2ﬂux’/adx

= G(ul/a)




Reciprocal scaling of FT pairs

G(l/t) — e —n(ula)?

Scale property

ag(ax) — G(u/a)

Delta function

5(x) = lim ae ™’

a— 0




The shift property

g(x) = e~ G(u) = e =2

.. .three visualizations:




The shift property

G(l/t) — Je—ﬂ(x—b)ze—ﬂjmxdx

Let
x'=x-—0>b,
xX=x+b,and i
o~ i2n(x+b) — ,—i2mux,—i2mub g(x — b) - G(u)e ™
Then

G(Ll) — e—i27mb[e—n(x/)ze_ﬁnux'dx/

In general,




Convolution

) =g*h= Jg(S)h(x — 5)ds
Its FT is
F(u) = [[ g($)h(x — s)e ™2™ (s dx.

Hence,

Let
X' =x—1s, F(u) = G(u)H(u)

x=x"+s, and
e—l27[(x +s) — e—lZJZuS e—lZﬂux,

then
F(M) — Jg(s)e—iZﬂusdx Jh(x/)e—i2ﬂux’dx/




Fourier transform pairs







1D Fourier transform properties

g(x) + h(x) - G(x) + H(x) Linearity

ag(ax) - G(u/a) Scale

g(x — b) = G(u)e ™™ gpifi

g * h— GuwH(u) Convolution




Summary

Fourier transform Inverse Fourier transform

G(u) = J g(X)e P dx  g(x) = JG(u)e+i2””xdu

FT Pairs FT Properties

2 2
— o

e ™ . g(x) + h(x) —» G(x) + H(x) Linearity
sin(zu)

rect(x) — -~ ag(ax) — G(ul/a) Scale

5(x) = 1 glx —b) > Gwe ™™ gpis




The Fourier transform in two dimensions




Fourier reconstruction of a 2D Gaussian function
Projection glx,y) G(u,v)

G(0,0)=1.0000




Fourier reconstruction of a 2D Gaussian function
Projection glx,y) G(u,v)

G(1,0)=0.8217




Fourier reconstruction of a 2D Gaussian function

Projection G(u,v)

G(0,1)=0.8217




Fourier reconstruction of a 2D Gaussian function
Projection glx,y) G(u,v)

G(0,2)=0.4559




Fourier reconstruction of a 2D Gaussian function
Projection glx,y) G(u,v)

G(0,3)=0.1708




2D Fourier transform

G(u,v) = J Jg(x, y) e 2P dx dy

2D inverse Fourier transform

g(x,y) = J[G(u, V) e 2P dy dy




Complex numbers

Imaginary

We’ll represent complex numbers
using this scheme




FT of a square

(a,b) = (0,0)

g = rect(x) rect(y) G = sinc(u) sinc(v)




FT of a disc

(a,b) = (0,0)

g(x,y) = circ(r)




The shift property

g(x —da,y — b) N G(I/t, V)e—iZE(au+bV)




2D Shift property

(a,b) = (0,0)

G(l/l V) e —i2n(au+bv)




2D Shift property

(a,b) = (0,0)

G(l/l V) e —i2n(au+bv)




2D Shift property

(a,b) = (0,0)

G(l/l V) e —i2n(au+bv)




Convolution with a Gaussian

h(x,y)

Tun

G(u,v) H(u,v)




Convolution with a lattice

h(x,y)




An undersampling lattice

h(x,y)




The Fourier Slice Theorem

G(u,v) = ﬂ g(x, y)e_izﬂ(””"y )dxdy

l Projection

Pg U\/\ FT
- X

Pg(x,y) = Jg(x, y)dy




Reconstruction using the Fourier Slice Theorem

l Projection

Lf\/\ - X G(u O)

Pg(x,y) = J glx,y)dy The rotation property says:
) If we can collect projections from all

directions, we can construct all of G(u, v)




2D reconstruction using the slice theorem

Fourier
transform




2D reconstruction using the slice theorem

Compute the Fourier
1D projection transform

Insert as a slice
in 2D field

2D inverse

Fourier

transform

<




2D reconstruction using the slice theorem

Compute the Fourier
1D projection transform

Insert as a slice
in 2D field

2D inverse
Fourier
transform




The discrete FT is what is calculated on a computer

2D Fourier transform

CURIE J[ g(x,y) e 2H W gy dy

2D discrete Fourier transform
N2—1 N/2—-1

Gk, ) = 2 Z a(i. j) e ~2miktDED

z——N/2]——N/2




The DFT of a 32 x 32 pixel image has 32 x 32 complex pixel values
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But the DFT of a real image has twofold redundancy
Real_part

Imaginary part




Summary of 2D Fourier transform

2DFT Pairs 2DFT Properties
(12,2
a(u’+v?) ab g(ax, by) = G(ula, vIb) Scale

rect(x)rect(y) — sinc(u)sinc(v)  o(x — a,y — b) = G(u, v)e 2@+ gt
J,(2mp)
p

212
e~ TXTHY) o

circ(r) — g(x,y) = Gu',v) Rotation

Py g(x,y) = G(u,0) Projection

o(x)o(y) — 1

M(x, y) — I(x, v) fxg—=FG

Convolution

()C’, y,) = R@(X, y)

sin(zu) (u,v') = Ry(u,v)

u

sinc(u) =




The 3D transform

3D Fourier transform

G(u,v,w) = JJJg(x, y, Z)e—i27r(ux+vy+wz)dx dy dz

3D Inverse Fourier transform

g2(x,y,2) = JJJG(u, v, w)e TERWEYIWI) gy iy dw




