
!"#$%&'()*+#$*,-.#/-)/,-),*"%,01 ,
,
2(+,'+3( &01,-.#/-)/,(4,5-(6(/-'#6,.(6%'76%$,*"%,.($*,-.8(+*#)*,-.#/-)/,.(9%,-$,8"#$%,
'()*+#$*:,,;"%,8"#$%,(4,#),%6%'*+(),<#=%,-$,$"-4*%9,53,-*$,8#$$#/%,)%#+,*"%,)7'6%7$,(4,%#'",
#*(.:,,;"%,8($-*-=%,8(*%)*-#6,-*,%>8%+-%)'%$,?#,4%<,*%)$,(4,=(6*$,(=%+,#,8#*",6%)/*",(),*"%,
(+9%+,(4,#),#)/$*+(.@,+%$76*$,-),#,$.#66,8"#$%,#9=#)'%,(),*"%,(+9%+,(4,#,.-66-+#9-#):,
,

,
,
,
;"%,#=%+#/%,-))%+,8(*%)*-#6,(4,<#*%+,?(+,=-*+%(7$,-'%@,-$,#5(7*,A,=(6*$B,4(+,6-8-9,5-6#3%+$C,
#5(7*,D:AEB,4(+,8+(*%-)C,#5(7*,F:AE:,,G*,-$,*"%,'()*+#$*,5%*<%%),8+(*%-),#)9,-'%,*"#*,<%,#+%,
7$7#663,-.#/-)/:,,H%6(<,-$,$"(<),*"%,'#6'76#*%9,-))%+,8(*%)*-#6,(4,#,$.#66,8+(*%-),-),<#*%+:,
;"%,.#8,"#$,5%%),$.((*"%9,53,4-6*%+-)/,-*,*(,IJ,K,+%$(67*-():,
,

,,,,,,,,, , ,,,,,,,,,,, ,

,
;"%,#.(7)*,(4,8"#$%,$"-4*,*"%,%6%'*+()&<#=%,%)'(7)*%+$,-$,8+(8(+*-()#6,*(,*"%,-)*%/+#6,(4,
*"%,%6%'*+($*#*-',8(*%)*-#6,#6()/,-*$,8#*":,,;"%,8+(8(+*-()#6-*3,'()$*#)*,-$,'#66%9,,#)9,"#$,!

!"#$%&'()''*++&%'+,-&./0'&.&12%3/2,2"1'+32&-2",.'"-/"4&','+%32&"-5'/63327&4'89',':;'<'=".2&%)''
>3?&%'+,-&./0'/"6$.,2&4'"6,#&/'3='27&'+%32&"-'?"27';)@',-4'(A6'4&=31$/) '

The cryo-EM specimen gives only phase contrast

Unscattered electron 

Scattered electron 

Electrostatic potential

The 200 keV electron (wavelength .025 •) encounters potentials on the order of 10V when passing 
near a carbon atom. 

A single atom shifts the phase by <1 milliradian.

!"#$%&':)''B-'&.&12%3-'?,C&'"/'+7,/& D/7"=2&4'?7&-'"2'+,//&/'-&,%',-',236"1'-$1.&$/',-4'"/'
E&.,/2"1,..9'/1,22&%&4F)''G7&'+7,/&'/7"=2'"/'?".4.9'&H,##&%,2&4'"-'27"/'+"12$%&)'
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*"%,)7.%+-'#6,=#67%$,(4,J:LDC,J:FM,#)9,J:DA,.+#9NEK,4(+,IOJC,OJJ,#)9,MJJ,P%E,%6%'*+()$C,
+%$8%'*-=%63:,,?;"($%,7)-*$,#+%,.-66-+#9-#)$,8%+,=(6*&#)/$*+(.:@,
,
Q$,%6%'*+()$,8#$$,*"+(7/",9-44%+%)*,+%/-()$,*"%,8"#$%,9-44%+%)'%,/-=%$,+-$%,*(,%$$%)*-#663,)(,
-)*%)$-*3,9-44%+%)'%,-) ,-.#/%$,<-*",#,.-'+($'(8%,*"#*,-$,%>#'*63,-),4('7$:,,;"-$,-$,<"3,<%,7$%,
R8"#$%&'()*+#$*S,#)9,R-)*%+4%+%)'%&'()*+#$*S,9%=-'%$,(),6-/"*,.-'+($'(8%$,*(,$%%,'76*7+%9,
'%66$C,<"-'",#+%,#6$(,8"#$%,(5T%'*$:,,G),*"%,01,*"%,8+-.-*-=%,<#3,*"#*,8%(86%,*+#9-*-()#663,/%*,
'()*+#$*,-$,*(,9%4('7$,*"%,(5T%'*-=%,6%)$C,#$,-667$*+#*%9,-),*"%,6(<%+,8#)%6$,(4,2-/:,O:,,;"%,
8+('%$$,53,<"-'",*"-$,8"#$%&'()*+#$*,-.#/%, -$,4(+.%9,-$,#,5-*,'(.86-'#*%9:,,U)%,<#3,9(,
9%+-=%,-*,-$,53,7$%,(4,*"%,R2+%$)%6,!+(8#/#*(+SC,*"%,-)*%/+#6,*"#*,$"(<$,"(<,<#=%4+()*$,
9%=%6(8,-),4+%%,$8#'%:,,;"%,2(7+-%+,*+#)$4(+.,(4,*"%,2+%$)%6,!+(8#/#*(+,3-%69$,*"%,'()*+#$*,
*+#)$4%+,47)'*-(),?V;2@,9-+%'*63C,#)9,GW66,87*,*"#*,*"%(+3,-)*(,*"%,)(*%$,4(+,#,6#*%+,6%'*7+%:,,
Q)(*"%+,<#3,*(,9%+-=%,-*,-$,5#$%9,(),9-44+#'*%9,%6%'*+(),<#=%$C,#)9,*"#*W$,<"#*,<%W66,
'()$-9%+,"%+%:,
'
: )''B-'3C&%C"&?'
,
X%+%W$,"(<,<%W66,8+('%%9,-), *"%,)%>*,*<(,$%'*-()$,*(,9%$'+-5%,8"#$%,'()*+#$*,53,9%4('7$-)/,
*"%,.-'+($'(8%:,, Y%W66,.#P%,7$%,(4,#,.(9%6,(5T%'*,*"#*,"#$,T7$*,#,8%+-(9-',=#+-#*-(),-),
8"#$%Z -.#/-)%,+-886%$,-),#,*"-),4-6.,#*,*"%,(5T%'*,86#)%,<- *",8%+-(9-'-*3,! :,,Y%,'#),7$%,#),
(5T%'*,6-P%,*"-$,*(,(5*#-),#,'(.86%*%63,/%)%+#6,+%$76*C,5%'#7$%,7$-)/,2(7+-%+,*+#)$4(+.$,<%,
'#),9%'(.8($%,#)3,O[,9-$*+-57*-(),(4,9%)$-*3,-)*(,+-886%$,(4,=#+3-)/,$8#'-)/:,,\7$*,5%6(<,#,
$8%'-.%),6-P%,*"-$,*"%+%,-$,)(,'()*+#$*C,5%'#7$%,#,=#+-#*-(),(4,8"#$%,9(%$)W*,'"#)/%,*"%,
-)*%)$-*3,(4,*"%,5%#.:,,X(<%=%+C,<%W66,$"(<,*"#*,*"%,(5T%'*W$,%44%'*,(),*"%,8+(8#/#*-)/,
%6%'*+(),5%#.,-$,*(,8+(97'%,*<(,9-44+#'*%9,5%#.$C,<-*",9-44+#'*-(),#)/6%$,9%8%)9-)/,(),*"%,
8%+-(9-'-*3,(4,*"%,+-886%$:,,G4,<%,6((P,#*,#,9-$*#)'%,"#5%6(<,*"%,$8%'-.%),*"%,9-44+#'*%9,
%6%'*+(),<#=%$C,5%'#7$%,*"%3,#+%,*+#=%6-)/,#*,#)/6%$C,*+#=%6,4#+*"%+,#)9,"#=%,9%6#3%9,8"#$%,
$"-4*,'(.8#+%9,*( ,*"%,.#-)C,7)9-44+#'*%9,<#=%:,,G4,<%,8-'P,8#+*-'76#+,=#67%$,(4,",*"%,
9-$'+%8#)'3,-),8"#$%,$"-4*,-$,#,.76*-86%,(4,]J,9%/+%%$C,#)9,*"%+%,<-66,5%,#),(8*-.7.,#.(7)*,
(4,'()*+#$*:,,;"%,8#+*-'76#+,(8*-.#6, ",=#67%$,9%8%)9,(),*"%,8%+-(9-'-*3,(4,*"%,+-886%$:,,G4,<%,
$%*,*"%,(5T%'*-=%,6%)$,*(,4('7$,#),(8*-.#6 ,9-$*#)'%,"#,#<#3,4+(. ,*"%,$8%'-.%)C,<%,<-66,"#=%,
(8*-.7.,'()*+#$*,-),*"%,.#/)-4-%9,-.#/%,#$,<%66: ,
,

!"#$%&'I)''B'+&%"34"1'+7,/&'/+&1"6&-'#"C&/'%"/&'23'4"==%,12&4'?,C&/)'
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,
!#+*,Q,(4,2-/ :,M,#5(=%,$"(<$,#,9-44+#'*%9,<#=%,?(+#)/%@,8+(97'%9,53,8%+-(9-',$'#**%+%+$,
?+%9@:,,G),8#+*,HC,*"%,*<(,$3..%*+-',9-44+#'*%9,<#=%$,-)*%+4%+%,*(,8+(97'%,8($-*-=%,'()*+#$*,
#*,()%,9-$*#)'%,?+%9,'-+'6%@,#)9,8+(97'%,)%/#*-=%,'()*+#$*,?567%,'-+'6%@,4#+*"%+,4+(.,*"%,
$8%'-.%):,

,
,
,
G),*"-$,9%+-=#*-(),G,.#P%,7$%,(4,*<(,5#$-',.#*"%.#*-'#6,*((6$:,,U)%,-$,*"%,;#36(+,%>8#)$-(),
4(+,*"%,%>8()%)*-#6,47)'*-(),

, , ! " # $ %&%
" '

(
%

" )

*
%+ ,

#)9,$-.-6#+,#88+(>-.#*-()$,4(+,$^7#+%$,#)9,$^7#+%,+((*$B,<%,<-66,5%,-/)(+-)/,*%+.$,(4,
$%'()9,(+9%+,(+,6#+/%+B,#)9,*"%,(*"%+,-$,076%+W$,4(+.76#,4(+,*"%,'(.86%>,%>8()%)*-#6C,
,

!"#$%&'J)''B'-$6&%"1,.'/"6$.,2"3-'3='27&'"-2&%=&%&-1&'3='(;;'K&L'&.&12%3-'?,C&/'8&.3?'+&%"34"1'
/+&1"6&-/'?"27'4M :; '<N.&=2O',-4'P<'N%"#72O)'Q32&'27,2'27&'C&%2"1,.'4"6&-/"3-'3='27&/&'+"12$%&/'"/'
136+%&//&4'%3$#7.9'@;D=3.4)'
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:,
,

Y%,#6$(,.#P%,7$%,(4,()%,+%$76*,4+(.,^7#)*7.,.%'"#)-'$C,<"-'",$#3$,*"#*,*"%,
-)*%)$-*3,(4,#,<#=%,?(+,*"%,8+(5#5-6-*3,(4,9%*%'*-)/,#,8#+*-'6%@,-$,*"%,$^7#+%9,.#/)-*79%,(4,
*"%,<#=%47)'*-()C,*38-'#663,<+-**%),_Y_O:,

( )''B'/"-$/3"4,.'+7,/&'38R&12) '

`788($%,<%,"#=%,#,$8%'-.%),*"#*,8+(97'%$,#,$.#66,8"#$%,$"-4*,(4,*"%,-)'(.-)/,%6%'*+(),
<#=%:,,Q$$7.%,*"%,8"#$%,$"-4*,=#+-%$,#'+($$,*"%,$8%'-.%),-),*"%,.#))%+,(4,#,'($-)%,
47)'*-()C,
,

:,, , , , ?I@,
,
;"-$,R$-)7$(-9#6,/+#*-)/S,-$,(+-%)*%9,#6()/,*"%,$,#>-$,#)9,"#$,#,8%+-(9,! :,,G*$,.#/)-*79%,-$,
/-=%),,53,, C,.7'",$.#66%+,*"#),I:,,1%#)<"-6%,<%,6%*,*"%,-)'-9%)*,%6%'*+()?$@,"#=%,*"%,*-.%&
-)9%8%)9%)*,<#=%47)'*-(),
,

- # ! ./0 , , , , , , ?O@,
,
<"%+%,*"%,8+(8#/#*-(),'()$*#)* , :,,0^):,?O@,$#3$,*"#*,*"%,%6%'*+(),<#=%$,"#=%,
<#=%6%)/*", ,#)9,#+%,8+(8#/#*-)/,-),*"%,",9-+%'*-():,,\7$*,5%3()9,*"%,$8%'-.%),*"%,
<#=%47)'*-(),+%46%'*$,*"%,8"#$%,$"-4*,(4,*"%,$8%'-.%),#$,
,
, , - # ! .1/0 2 3 4567,

,,,,,,a! .3 456,#*,"aJb,

,
Y%,'#),#88+(>-.#*%,*"-$,53,*"%,4-+$*,*%+.$,(4,*"%,;#36(+,%>8#)$-(),(4,*"%,%>8()%)*-#6C,
,
, , ! .3 456 8 $ %9: 4; 6, , , , , ?M@,
,
<"-'",+%6-%$,(),*"%,#$$7.8*-(),*"#*, ,-$,=%+3,$.#66:,,;"-$,-.8(+*#)*,#88+(>-.#*-(),-$,
'#66%9,*"%,%&'(#)*'+&#,--./$01'20/34##G*,$#3$,*"#*,*"%,%44%'*,(4,-)*+(97'-)/,*"%,$8%'-.%)Z
-),*"-$,'#$%C,#,8%+-(9-','"#)/%,-),*"%,%6%'*+(),<#=%W$,8"#$%Z -$,%^7-=#6%)*,*(,$#3-)/,*"#*,*"%,
$8%'-.%),-)*+(97'%$,#,<"(6%,)%<,$%*,(4,<#=%$,<-*",$.#66,#.86-*79%C,$78%+-.8($%9,(),*"%,
-)'-9%)*,<#=%:,,;"%,-)'-9%)*,<#=%,-$,7)'"#)/%9,-),#.86-*79%C,*(,#,4-+$*,#88+(>-.#*-():,;"%,
4#'*,*"#*,*"%,)%<,<#=%,#.86-*79%,-$,#),-.#/-)#+3,)7.5%+,-$,#,$"(+*"#)9,4(+,$#3-)/,*"#*,-*,-$,
#9=#)'%9,-),8"#$%,53,]Jc:,,
,
I )''S&+%&/&-2,2"3-',/'4"==%,12&4'?,C&/'
,
;"%,$%'()9,*%+.,-),?M@,+%8+%$%)*$,#,8%+-(9-',$%*,(4,$(7+'%$,(4,)%<,<#=%$:,,;"%,)%<,<#=%$,
#+%,9-44+#'*%9,<#=%$,(4,#.86-*79%,9,<=>*"#*,8+(8#/#*%,#*,#)/6%$,? @:,,;"%,#)/6%$,$#*-$43,
, ,

:, , , , , , ?d@,

,

    

� 

eiy = cos(y) + i sin(y)

φ(x) = εcos(2πx / d)

k = 2π / λ
!

    ! (x)

    
sin! =

"
d
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?H%'#7$%,*"%,%6%'*+(),<#=%6%)/*",-$,$.#66C,-),8+#'*-'#6,$-*7#*-()$,@,-$,*-)3C,#*,.($* ,#,4%<,
9%/+%%$:@,,Q*,#,9-$*#)'%,",5%6(<,*"%,$8%'-.%),*"%,9-44+#'*%9,<#=%$,"#=%,#,8"#$%,$"-4*,
+%*#+9%9,53,#,4#'*(+,ABC@,+%6#*-=%,*(,*"%,8"#$%,$"-4*,DE,*"#*,*"%,7)9-44+#'*%9,<#=%,"#$:,Q*,#,
9-$*#)'%,",5%6(<,*"%,$8%'-.%),<%,"#=%,*"%,(=%+#66,<#=%47)'*-(),
,
, , - 4; FE6# ! ./0 %9: 4; 6! ./0 GHIJ :, , , ?A@,
,
X%+%,GW=%,*#P%),#9=#)*#/%,(4,*"%,4#'*,*"#*,*"%,*<(,9-44+#'*%9,<#=%$,'(.5-)%,*(,/-=%,#,
8%+-(9-'-*3,-),$,T7$*,6-P%,*"%,(+-/-)#6,: 4; 6:,,2#'*(+-)/,(7*, ! ./0 ,<%,"#=%,
,
, , - 4; FE6# ! ./0 K$ %9: 4; 6! ./0 4GHIJ L M6N,, ?D@,
,
Y"#*,-)*%+%$*$,7$,-$,*"%,-)*%)$-*3,(4,*"%,%6%'*+(),<#=%$C,<"-'",-$,<"#*,-$,.#/)-4-%9,#)9,
*+#)$4%++%9,*(,*"%,9%*%'*(+:,,e7#)*7.,.%'"#)-'$,*%66$,7$,*"#*,*"%,-)*%)$-*3,-$,/-=%),53,*"%,
.#/)-*79%,$^7#+%9,(4,*"%,<#=%47)'*-():,,; "%,.#/)-*79%,$^7#+%9,(4,*"%,<#=%47)'*-(),-$,
%^7#6,*(,*"%,$7.,(4,$^7#+%$,(4,*"%,+%#6,8#+*,#)9,*"%,-.#/-)#+3,8#+*:,;"%,.#/)-*79%,$^7#+%9,
(4,! ./0 ,-$,#6<#3$,%^7#6,*(,I,$(,<%,'#),-/)(+%,*"#*,4#'*(+,-),%^):,?D@C,#)9,*"%,.#/)-*79%,
$^7#+%9,(4,*"%,+%$*,-$,
,

, , O- O( # PQRK$ %9: 4; 6! ./0 4GHIJ L M6NS
(

%PTUK$ %9: 4; 6! ./0 4GHIJ L M6NS
(
,

,
G*,*7+)$,(7*,*"#*,*"%,-.#/-)#+3,8#+*,-$,=%+3,$.#66C,5%'#7$%,()63,*"%,$%'()9,*%+.,-)=(6=-)/,: ,

'()*+-57*%$,*(,-*:,,;"#*,*%+.W$,.#/)-*79%,-$,#*,.($*,, ,#)9,-*$,$^7#+%,*"%+%4(+%,$(,*-)3,-*,'#),
5%,-/)(+%9:,,;"%,+%#6,8#+*,"(<%=%+,-$,(),*"%,(+9%+,(4,7)-*3C,#)9,-*$,$^7#+%,-$,?7$-)/,076%+W$,
4(+.76#@,
, , O- O( 8 4$ V : 4; 6CWX1DE4ABC@V $676( ,:, ?F@,
,
;"%)C,#/#-),)%/6%'*-)/,#,*%+.,(4,(+9%+,, ( ,#4*%+,%>8#)9-)/,*"%,$^7#+%,*"%,-)*%)$-*3,-$,
,
, , O- O( 8 $ V =: 4; 6CWX1DE4ABC@V $67:,
,
2-)#663C,<%,'#),.#P%,7$%,(4,*"%,4#'*,*"#*,*"%,#)/6%,@,-$,=%+3,$.#66:,,;(,$%'()9 ,(+9%+,-),@C,
,
, , ABC@V $ 8 V

M

(
CWX( @# V

M

(
Y( <Z( ,

,
Q)9,+%86#'-)/, ,#)9,)(*-)/,*"#*, VCWX4V&6# CWX4&6>*"%,-)*%)$-*3,-$,/-=%),53,
,
, , O- O( 8 $ %=: 4; 6CWX4[EY<Z( 6,, , ?L@,
,
,
;"%,'()*+#$*,*+#)$4%+,47)'*-(),?V;2@,-$,9%4-)%9,*(,5%,*"%,$'#6-)/,(4,*"%,-)*%)$-*3,'"#)/%,
+%6#*-=%,*(,*"%,(+-/-)#6,8"#$%,$"-4*,-),*"%,$8%'-.%):,,Y%,<+-*%,
, , ,
, , O- 4; FE6O( # ABXC\%=>] >: 4; 6>] >̂_` ,
,
<"%+%,*"%,V;2,-$,
,
, , ^_` # CWX4[EY<Z( 6, , , , , ?]@,

k = 2π / λ
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,
;"-$,47)'*-(),-$,#,=%+3,-.8(+*#)*,+%$76*:,,f-=%),#,8"#$%,(5T%'*,*"#*,"#$,#,$-)7$(-9#6,=#+-#*-(),
<-*",8%+-(9,! C,*"%,#.(7)*,(4,'()*+#$*,<%,(5$%+=%,-),*"%,-.#/%,9%8%)9$,(),*"%,86#)%,*"#*,<%,
"#=%,4('7$%9,():,,;"%+%,-$,g%+(,'()*+#$*,<"%),"aJ,#)9,#6$(,#*,"#=#67%$,<"%+%,YE<Z( ,"#$,#),
-)*%/%+,=#67%B,*"%+%,#+%,#6*%+)#*-)/,8($-*-=%,#)9,)%/#*-=%,'()*+#$*,.#>-.#,-),5%*<%%):,,
!6%#$%,)(*%C,#$,<%W66,%>86#-),5%6(<C,-),8+#'*-'%,<%,#6<#3$,4('7$,'5/6& ,*"%,$8%'-.%),$(,*"%,
V;2, #$,9%$'+-5%9,-),*"%,6-*%+#*7+%,"#$,*"%,(88($-*%,8(6#+-*3h,

J)''T3?'43&/'27"/'?3%KU'

;"%,5#$-',8+(56%.,(4,01,8"#$%&'()*+#$*,-.#/-)/,-$,*"#*,+-/"*,#*,*"%,$8%'-.%)C,#*,"aJbC,*"%+%,
-$,)(,'()*+#$*: ,,Y"#*,*"%,#)#63$-$,#5(=%,"#$,$"(<)C,"(<%=%+C,-$,*"#*,5%3()9,*"%,$8%'-.%)C,
#*,#,9-$*#)'%,",9-$86#'%9,4+(.,-*C,*"%+%,-$,$75$*#)*-#6,'()*+#$*:,;"%,'()*+#$* ,'(.%$ ,4+(.,
-)*%+4%+%)'%,5%*<%%),*"%,7)9-44+#'*%9,#)9,9-44+#'*%9,5%#.$:,,Y %,"#=%,#,$-*7#*-(),6-P%,*"#*,-),
"(6(/+#8"3:,,;"%+%,-$,#,+%4%+%)'%,5%#.,?-),(7+,'#$%C,*"%,7)9-44+#'*%9,5%#.@,#)9,*"%+%,#+%,
9-44+#'*%9,5%#.$,4+(.,*"%,(5T%'*,*"#*,-)*%+4%+%,<-*",-*,*(,8+(97'%,#,"(6(/+#.:,,`(,-),*"%,
.-'+($'(8%,<%,9()W*,+%'(+9,#),-.#/%,(4,(7+,$8%'-.%)C,<%,+%'(+9,#),R-)&6-)%,"(6(/+#.S,(4,-*:,
,
G),8+#'*-'%,*"%,)%'%$$#+3,=#67%$,(4,",#+%,+%.#+P#563,6#+/%,?$%%,2-/:,d@:,,`788($%,<%,"#=%,#,
$8%'-.%),<-*",#,8%+-(9-'-*3,(4,! aIJ K,*"#*,<%,<-$",*(,-.#/%,<-*",OJJ,P%E,%6%'*+()$,4Y #
ab=cd6:,;"%,9-44+#'*%9,5%#.$,<-66,.#P%,#),#)/6%,@# CWXL M4Y<Z6C,()63,O:A,.-66-+#9-#)$C,
5%'#7$%, a:JJOA:,,;"%,'()*+#$*,-$,8+(8(+*-()#6,*(, B,*"%,4-+$*,.#>-.7.,
(''7+$,<"%), C,<"-'",<(+P$,(7*,*(, "aOJJJK:,,G),(+9%+,*(,(8*-.#663,-.#/%,*"-$,
$8%'-.%)C,<%,<(769,'"#)/%,*"%,(5T%'*-=%,6%)$,'7++%)*,$(,*"#*,-*$,4('7$,-$,(),*"%,86#)%,#*,
"aOJJJK,#<#3,4+(.,*"%,$8%'-.%):,,;"-$,-$,=%+3,4#+,#<#3,4+(.,*"%,(5T%'*C,$(.%,LJCJJJ,
<#=%6%)/*"$h,,;"%,+%#$(),*"%,9-$*#)'%,-$,$(,/+%#*,-$,*"#*,*"%,#)/6%,-$,$(,$.#66C,#)9,$(,*"%,
9-44%+%)'%,-),8#*",6%)/*"$,-$,*-)3:,,,
,

0)%+/3,?P%E@, l,?K@, ,
IJJ , :JMFJI, ,
IOJ, :JMMd], ,
OJJ, :JOAJL, ,
MJJ, :JI]D] , ,

, , ,
G,8.&':)''V.&12%3-'?,C&.&-#27',2'+3+$.,%',11&.&%,2"-#'C3.2,#&/)'

@)''G7&'W3-2%,/2'G%,-/=&%'!$-12"3-5'&68&.."/7&4 '

i$7#663,*"%,4(+.76#,?]@,-$,<+-**%),-),*%+.$,(4,*"%,R$8#*-#6,4+%^7%)'3S,(4,*"%,(5T%'*,7aIN! :,
Q6$(,-),8+#'*-'%,8%(86%,6-P%,*(,#'*7#663,4('7$,(),#,86#)%,'5/6& ,*"%,$8%'-.%):,;"%,^7#)*-*3,
e # VE>-$,'#66%9,*"%,R9%4('7$S,=#67%C,*"#*,-$,*"%,9-$*#)'%,#5(=%,*"%,$8%'-.%),*"#*,*"%,
(5T%'*-=%,6%)$,-$,4('7$%9:,,; "-$,<(+P$,4-)%C,5%'#7$%,#$,4#+,#$,*"%,(5T%'*-=%,6%)$,P)(<$C,-*,-$,
'(66%'*-)/,%6%'*+(),<#=%$,*"#*,'(769,"#=%,$*#+*%9,#5(=%,*"%,$8%'-.%)h,
,
;"%,+%#$(),4(+,4('7$-)/,#5(=%,*"%,$8%'-.%),-$,*"#*,()%,/%*$,$*+()/%+,'()*+#$*,#*,6(<,$8#*-#6,
4+%^7%)'-%$:,,;"%+%,*"%,8"#$%,'()*+#$*,-$,)%/#*-=%C,*"%,$#.%,8(6#+-*3,#$,*"%,R#.86-*79%,
'()*+#$*S,*"#*,#+-$%$,4+(.,*"%,6($$,(4,%6%'*+()$,$'#**%+%9,#*,"-/",#)/6%$,4+(.,9%)$%,8#+*$,(4,

    

� 

λ/d     

� 

sin(πλz/d2 )
    

� 

λz/d2 = 1/2
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*"%,$8%'-.%):,G*,#6$(,<(+P$,<%66,<-*",*"%,%>*+#,%44%'*$,(4,$8"%+-'#6,#5%++#*-(),(4,*"%,
(5T%'*-=%,6%)$,#$,<%W66,9%$'+-5%,5%6(<:,;"%,'()*+#$*,.%'"#)-$.$,<(+P,*(/%*"%+,#)9,<%,/%*,
*"%,$*+()/%$*,-.#/%:,
,
;(,*+3,*(,#=(-9,'()47$-(),G,<-66,"%)'%4(+*",7$%,e,#$,*"%,j9%4('7$j,(+,R7)9%+4('7$S,=#67%C,
<"-'",-$,)(+.#663, /-=%),#$,#,-/+0206&,)7.5%+:,,Ri)9%+4('7$S,.%#)$,*7+)-)/,!/83 ,*"%,
'7++%)*,-),*"%,.#/)%*-',(5T%'*-=%,6%)$C,.#P-)/,-*,<%#P%+,#)9,*"%+%4(+%,4('7$-)/,#5(=%,*"%,
$8%'-.%):,,,
,
Y %,'#),%>86-'-*63,-)'679%,-),*"%,'()*+#$*,*+#)$4%+,47)'*-(),?V;2@,*"%,#.86-*79%,'()*+#$*C,53,
/-=-)/,-*,#,.->-)/,#)/6%, ,*"#*,-$,*38-'#663,#+(7)9, :JA,+#9-#)$,4(+,5-(6(/-'#6,$8%'-.%)$:,
,
, 2-)#663C,#,'(++%'*-(),*(,*"%,V;2,'(.%$,4+(.,$8 "%+-'#6,#5%++#*-(),-),*"%,(5T%'*-=%,
6%)$:,,1#/)%*-',6%)$%$,#+%,*%++-56%C,#)9,()%,(4,*"%-+,5#9,8+(8%+*-%$,-$,*"#*,<"%),5%#.$,#++-=%,
#*,*"%,8%+-8"%+3,(4,*"%,6%)$,*"%3,#+%,5%)*,.(+%,$*+()/63,*"#),*"%3,(7/"*,*(,5%:,,G*,-$,#$,-4,*"%,
4('#6,6%)/*",(4,*"%,6%)$,9%'+%#$%$,4(+,+#3$,#*,"-/",#)/6%$,#)9,*"%+%4(+%,#+-$-)/,4+(.,"-/",
$8#*-#6,4+%^7%)'3,'(.8()%)*$,(4,*"%,(5T%'*:,,G4,<%,4('7$,#5(=%,*"%,$8%'-.%)C,*"%,%44%'*,(4,*"%,
#5%++#*-(),-$,*(C,-),%44%'*C,9%'+%#$%,*"%,9%4('7$,4(+,%6%'*+()$,#++-=-)/,#*,$*%%8,#)/6%$:,;"-$,-$,
6-P%,*"%,8+(56%.,(4,/6#$$,6%)$%$,*"#*,"#=%,$8"%+-'#6,+#*"%+,*"#),8#+#5(6-','7+=#*7+%k,*"%3,
5%)9,6-/"*,+#3$,#++-=-)/,#*,*"%,8%+-8"%+3,.(+%,$*+()/63,*"#),*"%3,$"(769:,1 #/)%*-',6%)$%$,
"#=%,)(*"-)/,R$8"%+-'#6S,#5(7*,*"%.C,57*,*"%,%44%'*,-$,#88+(>-.#*%9,-),*"%,$#.%,<#3,53,
<"#*,-$,'#66%9,*"%,$8"%+-'#6,#5%++#*-(),'(%44-'-%)*,9$C,<"-'","#$,7)-*$,(4,6%)/*":,,G),*"%,*<(,
'+3( &01$,-),(7+,4#'-6-*3,f g,-$,#5(7*,O,..:,,Y-*",*"%, 9$,*%+.,*"%,'()*+#$*,*+#)$4%+,47)'*-(),
"#$,*"-$,4(+. ,
,

:, , , ?IJ@,
,
<"%+%,*"%,$.#66,^7#)*-*3,,9%$'+-5%$,*"%,9%/+%%,(4,#.86-*79%,'()*+#$*C,*"#*,-$,'()*+#$*,*"#*,
-$,8+%$%)*,<-*",g%+(,9%4('7$:,,;"%,9$,*%+.,()63,5%'(.%$,-.8(+*#)*,#*,"-/",$8#*-#6,
4+%^7%)'-%$C,-:%:,#+(7)9,M,K,+%$(67*-():,
,

α

    CTF = sin(−πλδf 2 + π
2 Csλ

3 f 4 − α )

α
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,
!"#$%&'@)'G7&'h'=$-12"3-',-4'27&' 13-2%,/2'2%,-/=&%'=$-12"3-',2'(;;'KL',-4'4&=31$/'3=',83$2';)('A65'
?"273$2',-4'?"27'/+7&%"1,.',8&%%,2"3-'CsM(66 )''X"27'27"/'173"1&'3='4&=31$/'93$'1,-'/&&'27,2'27&'
13-2%,/2D2%,-/=&%'=$-12"3-'%&6,"-/'%3$#7.9'13-/2,-2'3C&%','%,-#&'3='/+,2",.'=%&Y$&-1"&/'$+'23','
%&/3.$2"3-'3=',83$2'I'<'NI)I'-6 D: O'8&1,$/&'27&'Cs'2&%6'3++3/&/'27&'4&=31$/'2&%6)''G7"/'173"1&'3='
4&=31$/'"/'1,..&4'27&'Z[17&%\&%'4&=31$/Z)'

,
Q),#6*%+)#*-=%,<#3,*"%,V;2,-$,9%$'+-5%9,-),*"%,6-*%+#*7+%,-$,
,
, ,

,
G),*"-$,)(*#*-(),* "%,R<#=%,#5%++#*-(),47)'*-()S, ,-$,/-=%),#$,
,

,

,
;"%,4-+$*,*%+.,-$,*"%,%44%'*,(4,#,8%+4%'*,6%)$B,*"%,$%'()9,-$,*"%,%44%'*,(4,$8"%+-'#6,#5%++#*-():,,
;"%+%,#+%,47+*"%+,*%+.$,*"#*,3(7,'(769,-)'679%C,57*,*"%3,9%$'+-5%,"-/"%+&(+9%+,#5%++#*-()$,
-),*"%,6%)$,,
*"#*,5%'(.%,$-/)-4-'#)*,()63,#*,+%$(67*-()$,5%3()9,I,K:,,;"%,*(8,(4,2-/7+%,A,$"(<$,#,/+#8",
(4, ,#$,#,47)'*-(),(4,$8#*-#6,4+%^7%)'3:,
,
])'V-C&.3+&'=$-12"3-'
,
Q,"-/",9%4('7$,=#67%,-.8+(=%$,*"%,=-$-5-6-*3,(4,3(7+,8+(*%-)C,5%'#7$%,-*,/-=%$,3(7,.(+%,
$-/)#6,-),*"%,6(<&4+%^7%)'3,+#)/%,*"#*,$"(<$,*"%,(7*6-)%,(4,*"%,8#+*-'6%:,,H7*,*"%+%,-$,#,'($*,
-),*"%,+%$(67*-(),(4,*"%,-.#/%$:,G*,'#),5%,9-44-'76*,*(,7)9(,'(.87*#*-()# 663,#66,*"%,+#8-9,
($'-66#*-()$,-),*"%,V;2C,4(+,()%,*"-)/:,,H7*,#,8"3$-'#6,6-.-*#*-(), -$,^7-*%,$%+-(7$:,,Q,9%4('7$,(4,
I,l.,.%#)$,*"#*,3(7,#+%,4('7$%9,#,=%+3,6()/,9-$*#)'%C,?$(.%,dJJCJJJ,<#=%6%)/*"$h@,#<#3,
4+(.,*"%,$8%'-.%):,,m(<,$788($%,*"#*,*"%,%44%'*-=%,%6%'*+(),$(7+'%,$-g%,-$,$7'",*"#*,$(.%,(4,
*"%,-)'-9%)*,%6%'*+()$,4(66(<,#,$6-/"*63,9-44%+%)*,8#*",*"#),(*"%+$:,,Q,*38-'#6,$-*7#*-(),-),#,

CTF = sin(χ −α )

χ

χ = −πλδ f 2 + π
2 Csλ

3 f 4

χ
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.-'+($'(8%,<-*",#,*7)/$*%),4-6#.%)*,$(7+'%,<(769,5%,*"#*,*"%,-)'-9%)*,%6%'*+()$,4(66(<,
8#*"$,*"#*,9-44%+,-),#)/6%,53,IJnM,+#9-#)$:,,;"%$%,9-44%+%)*,8#*"$,'#),567+,(7*,*"%,-.#/%,(4,
"-/" &+%$(67*-(),4%#*7+%$,#*,6#+/%,9-$*#)'%$,4+(.,*"%,$8%'-.%):,,;"%,=#+-#*-(),-),%6%'*+(),
8#*",-$,'#66%9,+-'20':#03;/*&.&3;&:,
,

,
,

 Figure 6.  CTFs at 0.5 and 1.5µm defocus for 300 keV electrons, with decay at high resolution 
(B=20, 40) typical of a FEG microscope.  Values are plotted up to 0.33 dL i , that is to a resolution of 3 
Å. 

,
2(+,%>#.86%C,$788($%,*"%,$8%'-.%),"#$,#,8%+-(9-'-*3,! ,a,I).:,,Q*,(7+,9%4('7$,(4,I,l.,<%,
#+%,6((P-)/,4(+,9-44%+%)'%$,-),-)*%)$-*3,<-*",*"-$,$#.%,8%+-(9-'-*3:,,H7*,*"%,8%+-(9-',8#**%+),
-.#/%9,53,%6%'*+()$,#++-=-)/,#*,#),#)/6%,(4,IJ nM,+#9-#)$,<-66,5%,$"-4*%9,53,IJnM,>,Il.,a,,I).,
'(.8#+%9,*(,*"%,8#**%+),-.#/%9,<-*",g%+(&#)/6%,%6%'*+()$:,,;"7$,-4,*"%,8#*"$,(4,*"%,-)'-9%)*,
%6%'*+()$,"#=%,+#)9(.,#)/6%$,-),*"-$,+#)/%C,*"%,I,).,8#**%+),<-66,5%,'(.86%*%63,<#$"%9,
(7*h,,;"-$,-$,<"3,*"%,4-%69&%.-$$-(),%6%'*+(),/7)$,?20f$B,4(7)9,(),o#6%W$,f6#'-($ ,#)9,p+-($,
.-'+($'(8%$@,#+%,$(,-.8(+*#)*k,*"%3,#66(<,*"%,%44%'*-=%,%6%'*+(),$(7+'%,$-g%,*(,5%,$(,$.#66,
*"#*,#)/76#+,$8+%#9$,(4,IJnA,(+,IJ nD,+#9-#)$,#+%,#**#-)#56%C,<"-'",-),*7+),#66(<,"-/",
+%$(67*-(),#*,"-/",9%4('7$,=#67%$:,,̀ *-66,*"%+%,-$,#,9%'#3,#*,"-/",+%$(67*-(),<-*",#),20fC,(4,*"%,
#88+(>-.#*%,.#/)-*79%,-667$*+#*%9,-),2-/:,D:,
,
;"%+%,-$,#)(*"%+,8+('%$$,*"#*,-)'+%#$%$,#)/76#+,$8+%#9,#)9,*"%+%4(+%,9%'+%#$%$,$8#*-#6,
'("%+%)'%C,'#66%9,R'"#+/-)/S:,,Y"%),#),-)'-9%)*,%6%'*+(),-$,-)%6#$*-'#663,$'#**%+%9C,-*,
*+#)$4%+$,$(.%,(4,-*$,%)%+/3,*(,#),%6%'*+(),(4,()%,(4,*"%,#*(.$,-),*"%,$8%'-.%)C,*38-'#663,
'#7$-)/,-*,*(,5%,%T%'*%9,4+(.,*"%,$8%'-.%):,,;"%,+%$76*,-$,*"#*,*"%,$8%'-.%),$*#+*$,*(,*#P%,(),
#,8($-*-=%,'"#+/%:,,;"-$,'"#+/%C,-4,-*,-$,-)"(.(/%)%(7$,(+,-4,*"%,$#.86%,-$,*-6*%9C,'#7$%$,#,
9%46%'*-(),(4,(*"%+,-)'-9%)*,%6%'*+()$:,,;"-$,9%46%'*-(),"#$,*"%,$#.%,%44%'*,#$,#,6#+/%,$(7+'%,
$-g%k,-*,'#7$%$,#,=#+-#*-(),-),*"%,%6%'*+(),8#*",#)/6%C,#)9,<#$"%$,(7*,4-)%,9%*#-6$,-),*"%,
-.#/%: ,
,
;"%$%,.%'"#)-$.$,5(*","#=%,*"%,%44%'*,(4,567++-)/,*"%,-.#/%:,,;"%3,#+%,*38-'#663,.(9%6%9,#$,
#,f#7$$-#),9%'#3,(4,*"%,V;2,#*,"-/",$8#*-#6,4+%^7%)'-%$:,,Y"%),<%,-)'679%,*"-$,*%+.C,<"-'",
/(%$,53,*"%,)#.%,&36&:/-&#7<3;20/3C,*"%,V;2,6((P$,6-P%,
,
, , ^_` # CWX4j V k6! L l m' <n, , ?I I@,
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,
,
#)9,=,"#$,7)-*$,(4,). O,(+,KO,#)9,-$,'#66%9,*"%,RH&4#'*(+S,(+,R%)=%6(8%,4#'*(+S:,,f((9 ,'+3( &01,
-.#/%$,"#=%,=,=#67%$,(4,AJ&IJJ, KOC,57*,%=%),*"%$%,=#67%$,#+%,)(*,$(,-9%#6:,,Q*,=#a,IJJ,K O,
$8#*-#6,4+%^7%)'-%$,(4,A,K,#+%,#**%)7#*%9,*(,IN&,(4,*"%-+,(+-/-)#6,#.86-*79%C,#)9,"-/"%+,
$8#*-#6,4+%^7%)'-%$,#+%,#**%)7#*%9,%=%),.(+%:,
,
2-/7+%,D,$"(<$,#),%>#.86%,(4,*"%,'(.86%*%,V;2,#*,*<(,9%4('7$,=#67%$:,,;"%,g%+(&4+%^7%)'3,
=#67%,-$,$6-/"*63,)%/#*-=%C,97%,*(,#.86-*79%,'()*+#$*:,,;"%,.#/)-*79%,(4,*"%,V;2,($'-66#*%$,
57*,#6$(,9%'#3$,<-*",4+%^7%)'3C,#)9,*"%,9%'#3,-$,4#$*%+,#*,"-/"%+,9%4('7$,97%,*(,*"%,%44%'*$,(4,
$8#*-#6,-)'("%+%)'%:,
,
,
,
S&=&%&-1&/'
Q6.($*,%=%+3,5((P,(),"-/"&+%$(67*-(),01,*#6P$,5+-%463,#5(7*,*"%,V;2C,57*,4%<,9%+-=#*-()$,
#+%,7)9%+$*#)9#56%B,"%)'%,GW=%,/-=%),.3,(<),"%+%:,,Q),(=%+=-%<,(4,*"%,$75T%'*,-$,/-=%),-)k,,
Y#9%C,q:,X:,,I]]O:,,Q,5+-%4,6((P,#*,-.#/-)/,#)9,'()*+#$*,*+#)$4%+:,,>:2.'10 ;./+;/-? ,dDk,IdA&
IAD:,
,
Q,9%$'+-8*-(),(4,*"%,V;2,#)9,-.8(+*#)*,8+#'*-'#6,-$$7%$,-),01,-.#/%,4(+.#*-(),'#),5%,4(7)9,
-),'"#8*%+$,II,#)9,IO,(4,#,5((P,53,o#6%W$,(<),!%*%+,H:,1((+%C,@0+<':0"03A#2*&#B360+05:&C,
U>4(+9,OJIOC,#=#-6#56%,()6-)%,#*,
"**8kNN$-*%:%5+#+3:'(.N6-5N3#6%N9('[%*#-6:#'*-()r9('G[aIJADJ]OD,
,
m(*,4(+,*"%,4#-)*,(4,"%#+*C,57*,*"%,9%4-)-*-=%,5((P,(),;01,8"3$-'$,-$k,
q%-.%+C,s79<-/:,,OJJL:,,C.'3+10++0/3#D:&;2./3#E0;./+;/-?F#G2*#D!:,,`8+-)/%+,E%+6#/:,
,


